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Abstract
Using a quite accurate flavour-independence of nS-level mass dif-
ferences in heavy quarkonia and a corresponding quasiclassical expres-
sion for the heavy quark binding energy, one shows that experimental
data on masses of mesons with heavy quarks allow one to make the
estimate Λ¯ = 0.63 ± 0.03 GeV.
Introduction
The QCD dynamics makes a screen in observation of pure electroweak effects
in heavy quark interactions. One of powerful tools in theoretical studies of
hadrons with a single heavy quark, is HQET [1], where the heavy quark-
meson mass gap Λ¯ = m(Qq¯) − mQ + O(Λ¯/mQ) has a significant meaning.
In the Λ¯ expression given above, m(Qq¯) denotes the heavy-light meson mass
m(Qq¯) = (3mV (Qq¯) + mP (Qq¯))/4, averaged over the spin-dependent part
of interaction and correspondingly expressed through the masses of vector
and pseudoscalar states, and mQ is the heavy quark pole mass related to its
”running” mass [2].
At present, Λ¯ is evaluated in the following ways. The first one is the
HQET sum rules giving Λ¯ = 0.5 ± 0.1 GeV [3]. The second is the full
QCD sum rules for heavy quarkonia [4], where the pole or ”running” masses
of heavy quarks are determined from the experimental data on the heavy
quarkonia masses and leptonic constants, so that Λ¯ = 0.6 − 0.7 GeV [5]. A
special way is the nonrelativistic version of QCD sum rules for bottomonium
[6], where one can use a region of moderate values of the spectral function mo-
ment numbers, so that the nonperturbative contribution given by the gluon
condensate can be still neglected and the Coulomb corrections can be quite
accurately taken into account. Voloshin M. has found the ”µ-independent”
b quark pole mass m∗b = mb− 0.56αs(µ) = 4.639± 0.002 GeV, corresponding
to Λ¯ = 0.62±0.02 GeV. Next, one considers the inclusive semileptonic width
1
of a heavy-light meson in a way allowing one to take into account hard gluon
corrections to the weak current of quarks, so that one inserts light quark
loops into the gluon propagator. The comparison of the calculated width
with the experimental value gives the ”running” mass of heavy quark. Its
value depends on the l number of the light quark loops. In the infinite l limit,
one finds Λ¯ = 0.25 GeV [7]. However, the latter estimate of hard corrections
is generally based on the spectator mechanism assuming the neglecting of
the heavy quark binding into the meson. Despite the renormalon ambiguity
in the heavy quark mass determination [8], one should not straightforwardly
conclude that there is a deep disagreement between the sum rule estimates
of Λ¯ and the evaluation in the decay analysis, since the latter is based on the
consideration of isolated, but dressed heavy quark, whereas the sum rules
handle with exactly defined quantities involving no additional assumptions
like the spectator picture. Moreover, the sum rule analysis is made for a
finite number of loops.
Further, the nonrelativistic sum rule consideration of bottomonium can
give a quite accurate value of b quark mass at the moment numbers, where
the gluon condensate gives a negligible contribution. In the sum rules at high
numbers of the spectral moments, the gluon condensate contribution deter-
mines the binding energy in the 1S-state and, hence, the difference between
the double quark mass and the level mass. However, to use experimental data
on the excited level masses and leptonic constants is enough to extract the
quark mass at the moderate values of the spectral moment numbers. There-
fore, the information on the excitation masses can allow one to determine
the heavy quark masses.
In the present paper we use the experimental regularity in the heavy
quarkonium spectra, where one finds a quite accurate flavour-independence
in the S-wave level spacing. This approximate independence results in a
number of explicit relations between the quark masses, excitation numbers
and binding energies [9]. These equations compose a complete system, which
allows one to determine the heavy quark-meson mass gap of high accuracy
Λ¯ = 0.63± 0.03 GeV.
1 Basic relations
Determine the heavy quark pole mass
mQ = m(Qq¯)− Λ¯−
µ2pi
2m(Qq¯)
+O(1/m2Q) , (1)
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where µ2pi is the average square of quark momentum inside a heavy-light
meson. In the following we put
µ2pi = 2〈T 〉µQq¯ , (2)
where µQq¯ is the reduced mass of the Qq¯ system, and T is the kinetic energy
of quarks. The reasonable choice of µQq¯ is Λ¯ [1, 10].
The m(Qq¯) values for Q = b, c and q = u, d are known experimentally
[11]
mB(1S) = 5.313 GeV, mD(1S) = 1.975 GeV, (3)
with the accuracy better than 5 MeV.
By the Feynman - Hellmann theorem for the Q1Q¯2 system
dE
dµ12
= −
〈T 〉
µ12
, µ12 =
m1m2
m1 +m2
, (4)
the flavour-independent spacing of heavy quarkonium levels is reached if
〈T 〉 = T is the constant value. Relation (4) fixes the quark mass depen-
dence of the binding energy in heavy quarkonia. To complete the system of
equations, we use the Bohr - Sommerfeld quantization of nS-states at the
constant 〈T 〉 in the flavour-independent logarithmic potential
E(n) = C + T ln
n2
µ12
, (5)
where C is a flavour-independent constant. Eq.(5) gives the excitation num-
ber dependence of the binding energy in the heavy quarkonia. Note, that the
semiclassical WKB approximation of 3-dimensional potential problem leads
to the substitution of n− 1/4 for n in (5). However, the latter substitution
does not result in the better description of experimental data1 (Fig.1). To
isolate the n dependence, we consider the ratio α(n)
α(n) =
M(nS)−M(1S)
M(2S)−M(1S)
=
lnn
ln 2
(6)
in the current model or
αWKB(n) =
ln[(4n− 1)/3]
ln[7/3]
.
The comparison of model approximation (6) with the experimental values
[11] and WKB modification is shown in Fig.1. One can see that the applied
1The same tendency was certainly observed in the Coulomb potential, where the Bohr–
Sommerfeld equation gave exact results.
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Figure 1: The experimental values of the nS bottomonium (solid dots) and char-
monium (empty boxes) mass differences α(n) = [M(nS) − M(1S)]/[M(2S) −
M(1S)] and the dependences in the present model (curve 1) and in the WKB
approximation (curve 2).
model is more suitable for the accurate description ofM(nS) values with the
accuracy up to 30 MeV, so that the parameter T is equal to
T = 0.43± 0.02 GeV. (7)
Note, that in contrast to the analysis in [9], we use the excitation masses
averaged over the spin-dependent part of a potential, this procedure is more
reasonable. In addition, the analysis of heavy quarkonium spectra performed
in [9] under the WKB approximation results in the smaller value of T ≈ 0.37
GeV. The mass of nS-level is determined by the following
M(nS) = m1 +m2 + E(n) .
For the sake of convenience we introduce the ”initial” value ni(µ12) depending
on the reduced mass and related to the flavour-independent constant C in
(5)
C = −T ln
n2i (µ12)
µ12
. (8)
Let us use the experimental data on the heavy quarkonium spectra
MΥ(4S) ≈ 2mB(1S) , Mψ(3S) ≈ 2mD(1S) ,
4
which are valid with the 30 MeV accuracy. These equations can be rewritten
down as2
2T ln
nth(bb¯)
ni(bb¯)
= 2Λ¯ +
µ2pi
mb
, (9)
2T ln
nth(cc¯)
ni(cc¯)
= 2Λ¯ +
µ2pi
mc
, (10)
where nth(bb¯) = 4, nth(cc¯) = 3. From eq.(8) one can find
ln
ni(bb¯)
ni(cc¯)
=
1
2
ln
mb
mc
. (11)
Combining (2), (9-11), one gets
Λ¯ =
mbmc
mb −mc
ln
{√
mb
mc
nth(cc¯)
nth(bb¯)
}
, (12)
where the dependence on the T parameter is hidden in explicit relations for
the quark masses through the heavy-light meson masses and Λ¯.
Eq.(12) can be solved numerically, and it gives3
Λ¯ = 0.63± 0.03 GeV. (13)
As for the quark masses in the first order over 1/mQ, one finds
mb = 4.63± 0.03 GeV, mc = 1.18± 0.07 GeV.
The additional uncertainty in c quark mass estimate is related to the re-
placement Λ¯/m(Qq¯) → Λ¯/(m(Qq¯) − Λ¯) + O(Λ¯2/m2Q) in the heavy quark
mass expression, i.e. it is caused by terms of the second order over the
inverse heavy quark mass.
The µ2pi parameter is equal to 0.54± 0.08 GeV
2 [1, 10, 14].
The performed calculations allow one to predict the nS-level masses of b¯c
family below the BD pair threshold
mBc(1S) = 6.37± 0.04 GeV, mBc(2S) = 6.97± 0.04 GeV.
The 1S-level position is slightly higher than in previous estimates in the
framework of potential models [15]. This deviation is basically caused by the
greater value of T parameter, but not by the difference in the quark mass
2The analogous estimate with the additional assumption ni(bb¯) = 1 was considered in
[12].
3The obtained result is in a good agreement with the restrictions derived in [13].
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values, since the b¯c level masses are not very much sensitive to the quark
mass variation. Using the estimate of spin-dependent splitting of 1S-level in
b¯c system, m(1−)−m(0−) ≈ 60−70 MeV [15], one gets the mass of the basic
pseudoscalar state
mBc(0
−) = 6.32± 0.05 GeV.
Conclusion
Using the regularity of heavy quarkonium spectra described within the qua-
siclassical approach, we have evaluated the heavy quark-meson mass gap
Λ¯ = 0.63 ± 0.03 GeV, as well as the pole masses of b and c quarks. The Bc
meson mass can be predicted mBc = 6.32± 0.05 GeV.
Acknowledgement
This work is in part supported by the International Science Foundation grants
NJQ000, NJQ300 and by the program ”Russian State Stipends for Young
Scientists”. The author thanks prof. N. Paver and O. Yushchenko for stim-
ulating discussions.
References
[1] M.Neubert, Phys.Rep. 245 (1994) 259.
[2] P.Binetruy, T.Su¨cker, Nucl.Phys. B178 (1981) 293;
R.Coquereaux, Ann.Phys. 125 (1982) 407;
N.Gray, D.J.Broadhurst, W.Grafe, K.Schilcher, Z.Phys. C48 (1990) 673.
[3] E.Bagan et al., Phys.Lett. B278 (1992) 457;
M.Neubert, Phys.Rev. D46 (1992) 1076.
[4] M.A.Shifman, A.I.Vainshtein, V.I.Zakharov, Nucl.Phys. B147 (1979)
385, 448.
[5] S.Narison, Phys.Lett. B341 (1994) 73, B352 (1995) 122.
[6] M.B.Voloshin, Preprint TPI-MINN-95/1-T, UMN-TH-1326-95, 1995.
[7] P.Ball, M.Beneke, V.M.Braun, Preprint CERN-TH.95/65, 1995 [hep-
ph/9503492];
M.Neubert, Preprint CERN-TH.95/107, 1995 [hep-ph/9505238];
V.E.Chernyak, Preprint BUDKER INP-95-18, 1995 [hep-ph/9503208].
6
[8] M.Beneke, V.M.Braun, Nucl.Phys. B426 (1994) 301;
I.Bigi et al., Phys.Rev. D50 (1994) 2234.
[9] C.Quigg, J.L.Rosner, Phys.Rep. 56 (1979) 167;
W.Kwong, J.L.Rosner, Phys.Rev. D44 (1991) 212;
R.Roncaglia et al., Phys.Rev. D51 (1995) 1248.
[10] V.V.Kiselev, Phys.Lett. B362 (1995) 173.
[11] L.Montanet al., PDG, Phys.Rev. D50 (1994) 1173.
[12] V.V.Kiselev, JETP Lett. 60 (1994) 509;
V.V.Kiselev, Preprint IHEP 95-63, Protvino, 1995 [hep-ph/9504313], to
appear in Int.J. Mod.Phys. A.
[13] I.Bigi et al., Phys.Lett. B339 (1994) 160.
[14] P.Ball, V.Braun, Phys.Rev. D49 (1994) 2472;
M.Neubert, Phys.Lett. B322 (1994) 419.
[15] S.S.Gershtein et al., Uspekhi Fiz.Nauk 165 (1995) 3, Phys.Rev. D51
(1995) 3613;
E.Eichten, C.Quigg, Phys.Rev. D49 (1994) 5845.
Received October 19, 1995
7
